Abstract-This paper investigates average consensus in firstorder multi-agent systems where the interconnections are modelled by balanced digraphs with matrix weights. The paper first introduces the notion of a balanced directed graph for matrix weights. Then, it shows that the necessary and sufficient condition for the multi-agent system to achieve average consensus is that the matrix weights of its balanced digraph are positive definite. The Lyapunov analysis exploits a specific property of the mirror graph for a balanced graph. Simulations with holonomic robots in Gazebo verify the conditions for average consensus. Finally, formation control of a multi-agent system is shown as an application of the work presented.
I. INTRODUCTION
The consensus problem in multi-agent systems is defined as finding a feedback law and communication topology that drive all the agents to a common state. To keep the controller distributed, each agent computes its control signal using information from its neighbours. Consensus algorithms have diverse applications ranging from distributed sensor fusion [1] , [2] , synchronization of coupled oscillators [3] to formation control [4] .
The conditions for achieving consensus depends on the type of communication used by the multi-agent system and the type of consensus sought. Consensus algorithms were initially analyzed for scalar weighted graphs. For undirected communications, connectivity is necessary for consensus [5] . In the case of directed communications, a strongly connected digraph [6] or less restrictively, a spanning tree [7] is sufficient for consensus. A balanced graph is necessary for achieving average consensus over directed communication networks [6] . Consensus algorithms have also been studied for networks with fixed and switching topology, with and without time delays [6] .
Average consensus in multi-agent systems with scalarweighted graphs has a broad range of applications. As a result a large amount of research has been done in this area. The research is broadly classified on the basis of fixed [8] - [10] or switching [11] , [12] communication networks. It can also be divided on the basis of synchronous [5] , [7] or asynchronous [11] , [13] controller updates, control design in continuous [14] or discrete [8] , [9] time, first or higher order agent dynamics [15] , with or without time delays [16] , [17] . Because balanced graphs play a key role in the average consensus problem, research has also investigated the conditions under which a digraph can be balanced [18] . Whereas a lot of work addresses the static average consensus [5] , [7] , [19] , where the agents converge to the average of their initial states, recent work also investigates the dynamic average consensus problem [17] , [20] , which allows the agents to track the average of their local time varying reference inputs instead. Preserving privacy of the messages sent across the communication channels is another area of recent focus [19] , [9] .
Off late the area of consensus algorithms that use matrix weights to describe the interconnection between agents has garnered a lot of attention. From a social network perspective, the evolution of inter-dependent opinions among people is of key importance. Matrix-weighted digraphs are used to model such interconnections in [21] , [22] . From a robotics perspective, global orientation estimation and formation control can be considered a consensus problem with rotation matrix weights [23] . The necessary and sufficient conditions for distributed localizability using matrix-weighted graphs are provided in [24] and formation stabilization is achieved using projection matrices in [25] . Positive semi-definite matrix weights can also describe connections in the oscillator synchronization problem [3] , [26] .
A generalization of the consensus problem to the area of matrix weights is first presented in [27] . Unlike the case of consensus with scalar weights, a connected graph is not sufficient for matrix-weighted consensus because of the presence of positive semi-definite weights. The necessary and sufficient conditions for achieving consensus for multi-agent systems with undirected graphs depends on the properties of the Laplacian [27] . Subsequently an in depth analysis of the properties of the matrix-weighted Laplacian and how the choice of matrix-weights affects consensus has been presented for undirected graphs [28] . Some of the proofs and the reasoning used in this paper follow closely the results presented in [27] and hence we consider it to be a very important paper in the area. The main difference between the work presented in [27] and our work lies in the properties of the matrix-weighted Laplacian. While the Laplacian for undirected graphs is symmetric, positive semidefinite [27] , for the directed graphs considered in our case, the Laplacian is asymmetric. The main challenge in this scenario is commenting on the stability of the system or in other words talking about the location of eigenvalues of the matrix-weighted Laplacian.
The extension of matrix-weighted consensus to digraphs is presented in [29] and can be considered as being related to the problem presented here. The work deals with leaderfollower systems with a static leader. The only assumption being that the sum of all the matrix weights leaving every agent is positive definite and the communication is modelled by directed acyclic graphs. Provable convergence of the followers to the static leader is obtained by splitting the graph into two sub-graphs, the first containing interactions between follower agents and the second containing leaderfollowers interactions. In contrast, this paper makes no assumptions of a leader-follower architecture. In addition, we prove convergence provided the matrix weights are all positive definite and communication is modelled by directed balanced graph.
The main contribution of this paper is the convergence analysis of the consensus algorithm for multi-agent systems whose interactions are modelled by positive definite matrixweights on balanced digraphs. The tool commonly used for analyzing the convergence of consensus algorithms on digraphs with scalar weights, Gershgorin's theorem [6] , is not applicable to the case of matrix weights. First we extend the notion of balanced graphs to the matrix-weighted case and list the properties of the asymmteric matrix-weighted Laplacian. Then we use Lyapunov analysis to prove convergence. A balanced graph and positive definite weights are necessary and sufficient for the convergence for matrix-weighted consensus on directed graphs. The theoretical derivation is verified through simulations, including an application of the matrix-weighted consensus to multi-robot formation control.
II. PRELIMINARIES
Consider a multi-agent system with n single-integrator agents/nodes. Let the fixed and directed matrix-weighted graph representing the inter-agent couplings be denoted by G = {V, E, A}, where: V = {1, 2, ..., n} is the set of nodes that represent all agents in the system; E = {e ij = (i, j)|i, j ∈ V, i = j} is the set of edges and collects all the directed inter-agent communication links; and
is the set of positive definite matrix gains of the distributed controller that drives the multiagent system, i.e., the set of matrix weights of the digraph G. Let x i ∈ IR d be the position of agent i. The existence of a directed edge (i, j) ∈ E indicates that there is a directed path from node i to node j, i.e., agent i receives and uses in its control the position information of agent j. Hence, if (i, j) ∈ E, the corresponding matrix gain is positive definite A ij > 0, otherwise A ij = 0 (Notation consistent with [6] ). The digraph G has no self loops, i.e. A ii = 0.
The corresponding adjacency matrix is A = [A ij ], with i, j = 1, ...n. Let N i = {j ∈ V|e ij ∈ E} be the set of neighbours of i. By definition, the out-degree of agent i is the sum of the weights of all the edges directed away from agent i:
Then in-degree of agent i is defined as the sum of the weights of all the edges directed towards agent i:
Also by definition, the degree matrix for the digraph G is:
The Laplacian of the digraph G:
can be written in the form:
with the matrix blocks L ij defined by:
Note that this paper considers the Laplacian L and adjacency A matrices associated with the digraph G as matrices with
In other words, L and A both have n block rows and n block columns. This view of the L and A matrices allows the proofs in the next section to avail of the positive definite structure of the matrix weights A ij . Similar to the case of scalar gains/weights, the distributed control law for the multi-agent system (3) is defined by:
and its closed-loop dynamics become:
with:
The following two definitions extend the notions of balanced digraph and mirror graph to the case of matrix weights. The extensions preserve the positive definite property of the matrix weights A ij , and the paper shows in the next section that this property is necessary and sufficient for the first-order multi-agent system to achieve average consensus.
Definition 1: Balanced digraph with matrix weights A node of the digraph G is balanced if the sum of the matrix weights entering the node is equal to the sum of the matrix weights leaving the node.
A digraph with matrix weights is balanced iff every node in the digraph is balanced, i.e.:
∀i ∈ V Definition 1 leads to the following property for balanced digraphs with matrix weights:
Definition 2: Mirror graph Given the digraph with matrix weights G = (V, E, A), the set of reverse edgesẼ of G is obtained by reversing the orientation of all edges of the edge setẼ of G.
The mirror graph of G is the undirected grapĥ G = (V,Ê,Â) with the edge setÊ = E ∪Ẽ and the associated adjacency matrixÂ = {Â ij |Â ij = A ij + A ji }.
Definition 2 implies that the adjacency matrix of the mirror graphÂ = [Â ij ] is block-symmetric, i.e.,Â ij =Â ji . Moreover, if the matrix weights A ij of the digraph G are positive definite, the matrix weightsÂ ij of the mirror grapĥ G are positive definite as well andÂ is symmetric.
III. MAIN RESULTS

A. Convergence Analysis
This section will show that the balanced single-integrator network (4) with positive definite matrix gains A ij is stable.
Lemma 1:
. Then, Lv = 0 implies that the i − th block vector of the product Lv satisfies:
Substituting (1) and (2) into (6) leads to:
which indicates one of two possible cases. Either
which means v ∈ R or the other possibility is that
Lemma 2: Given a matrix-weight-balanced graph G with positive semi-definite weights A ij , its associated Laplacian matrix satifies
T be a vector in the left nullspace of L. Then, from L T v = 0, it follows that the i-th block vector of the product L T v obeys:
where the fact that the weights A ji are positive semi-definite and thus symmetric and implicitly the blocks L ij are positive semi-definite and thus symmetric for all i, j ∈ {1, .., n}, has been used. After substitution from (5), (8) can be rearranged into:
which again implies one of two possible scenarios. Either
or: Proof: The blocks of the degree matrix of the mirror graphĜ are:
Since the digraph G is balanced, its in-degree is equal to its out-degree,
, and it follows that:
and that:
The weights of G being positive definite, the degree matrix of G is symmetric, Δ = Δ T , and thus:
Theorem 1: (Stability) The first-order multi-agent system (4) is globally asymptotically stable if its matrix-weightbalanced digraph G has positive definite weights.
Proof: Consider the Lyapunov candidate:
whose derivative of V along the trajectories of system (4) is:V
Because the matrix-weighted LaplacianL of an undirected graphĜ is symmetric positive semidefinite [27] , it follows that:V (x) ≤ 0, and that the system (4) 
If we build our graph with positive definite weights A ij , the weightsÂ ij of the mirror graphĜ are also positive definite. Then the nullspace of the mirror graph N (L) = R and any trajectory of the multi-agent system (4) globally asymptotically approaches N (L).
B. Necessary and Sufficient Condition For Average Consensus
Lemma 4: Let the first-order multi-agent system (4) have interconnections represented by a matrix-weight-balanced graph with positive semi-definite weights. Thenx
x is an invariant of the system. Proof: After substitution from (4), the time derivative ofx
Since every row of [1 n
Theorem 2: (Average Consensus) For a balanced graph the system (4) globally asymptotically converges to the equilibrium point
Proof: (Necessity) based on Theorem 2 in [27] . For a balanced graph assume (4) globally asymptotically converges to the equilibrium point x * = 1 n ⊗x but N (L) = R. From Lemma 1, there exists an x ∈ IR n×d such that Lx = 0 and x / ∈ R. Thus x = x is also an equilibrium point of (4) and any trajectory with x(0) = x stays at x for all t ≥ 0. Thus x * is not globally asymptotically stable and contradicts our initial assumption.
(Sufficiency) From Theorem 1, the system is globally asymptotically stable. Then, let its equilibrium be:
where q ∈ IR d . From Lemma 4, the average of the agent states is invariant:
At time lim t→∞ , the average of the agent states is:
and, after substitution back in (13) , it follows that:
Thus because positive definite matrix weights are necessary and sufficient for a matrix-weight-balanced graph to have a nullspace N (L) = R, it follows that they are necessary and sufficient for average consensus of a first order multi-agent system with interconnections modelled by such a graph.
IV. SIMULATIONS
A. Consensus
This section verifies through simulations that a group of first-order agents, driven by a distributed controller (modelled as a matrix-weight-balanced digraph), achieves average consensus provided the matrix weights are selected positive definite.
The simulated multi-agent system includes six robots with single integrator three dimensional dynamics, and with directed inter-robot communications shown in Figure 1 the matrix-weight-balanced digraph shown in Figure 1 are
The matrix-weights considered here can be chosen to be any positive definite value. We do not think there is a bound on the values that can be chosen. Nonetheless, a detailed analysis of how the values of matrix affects consensus can be found in [28] . Figure 2 , which plots the paths of all robots during coordination, validates that all robots reach the final position:
and thus, the multi-robot system achieves average consensus. 
B. Formation Control
A variant of the consensus law (3):
can implement formation control for some specified δ i , δ j ∈ IR d . If the conditions for consensus in matrix-weighted balanced digraphs are satisfied, then (x j − δ j ) → (x i − δ i ) and therefore (x j − x i ) → δ ji , where δ ji = δ j − δ i . A suitable specification of δ ji can produce any formation shape [4] .
Since balanced digraphs with positive definite weights are necessary and sufficient for convergence of the controller, formation control of multi-robot systems on digraphs is an important application of the analysis presented here. Consider six holonomic robots simulated in Gazebo. The robots move in the horizontal plane starting from x 1 (0) = [6, 5] T m,
T m, x 5 (0) = [14, −4] T m, x 6 (0) = [10, 7] T m. Figure 3 depicts the six-robot system at its initial configuration, as well as its communication topology. Positive definite matrix gains all equal to A = 2 −1 −1 3 make the communications of the six-robot system a matrixweight-balanced digraph. Therefore, they should drive the robots into the triangle formation described by the following desired final robot positions (specified in the coordinate frame shown in Figure 3 T m. Figure 4 shows the final positions of the six robots under the control of the consensus law (17) with the above selection for the parameters δ i , i = {1, . . . , 6}.
V. CONCLUSION
This paper has determined the necessary and sufficient condition for the average consensus of first-order multi-agent systems modelled by matrix-weight-balanced digraphs. After proposing a notion of balanced digraph for the case of matrix weights and describing the properties of the asymmetric matrix-weighted Laplacian, the paper has taken advantage of Lyapunov analysis to prove convergence. Simulations have validated the theoretical derivations, including its novel application to multi-robot formation control.
Future work will investigate the average consensus with time-varying matrix weights, in the presence of communication delays and their applications in multi-robot systems.
